
EE:11 Derive Kepleil Celestial Mechanicr
Law Fg = Fe

G M M b u t  v = w r

Gly swine

u verify a inside a thin crusted hollow earth

SIDE Top view :.

S show g=0 from Crust A-crust iB

10 mess it shell-pter

ds' = bdo ds- act

T O T A L

dm: pa dado

g'= aff eldada and = Cop47

s+3 6440-44960
so IF = mg = 01
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CALCULATING GRAVITATIONAL FIELDS AND POTENTIALS BY DIRECT INTEGRATION

The f ield at r  due to a coint mass Mat f '  is just

( 7 )  =  - G M  ( r - 7 '1 8 - 7 9 7 5 (Newton's law of universal
gravitat ion)

I.e. g(F) is in the direction of a l ine from i to M and
varies irversely asthe square of the distance from M to

The point  where Mis located,  7 ' is  ca l led the source po in t .  The po in t  where
t h e  f i e l d  i s  t o  b e  c a l c u l a t e d ,  f ,  i s  c a l l e d  t h e  f i e l d  p o i n t .

S imi la r ly ,  the  potent ia l  in  the  same s i tua t ion  is  ( tak ing  4(0)  =  0)

-  G M
V ( 7 )  =

For any continuous distribution of mass, we must add up vectorially the contri-
butions to g(r) due to infinitesimal elements of mass at r ', letting f ' vary
through the distribution of mass. E.g.

some mess
d i s t r i bu t i on

dm (7")

d'g(7) = contribution to gIF) due to element of
mass dm (7') at 7'.

= - G  d o  ( 7 ' )  ( F - r ' )
1 7 - 7 ' 1 3

?  2 ( 7 )  =  - G  d m ( 7 )  ( F - r )
7 - 7 ' 1 3

What is dm(?')?
For a volume distribution of mass, p(F'): dm(7) = p(7') d'r'= p(r) dE

F o r  a  s u r f a c e  d i s t r i b u t i o n  o f  m a s s ,  a ( r ' ) :  d m ( 7 ' )  =  o ( 7 " )  d o '
area element

For  a  l i ne  d i s t r i bu t i on  o f  mass ,  u (F ' ) :  dm ( r " )  =  u lF " )  as
line elemert

Simi la r ly ,  fo r  W(F) :
1 F - 7 1

REMEMBER:
Make use of symmetry in the charge distr ibution when calculat ing g(r).
Be careful to properly include the coordinate dependence of unit vectors
for  non-rectangular  coordinates in the integrals.

1 - 7 1  =  4 1 7 - 5 1 - 1 7 - 7 9 = 5 + 0 3 - 2 7 . 7 0 .

Qi how do you use this for prob 5.4a
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A Fairly Difficult Example

Consider a disk of radius a in the xy-plane, centered at the origin. It has
a surface mass density

=  ( 7 )  =

Find the gravitational f ield on the axis of the disk, above the disk, by direct
integration.

Z 7-7'

a -  y

most of mass

" '=n'cod'ê tr 'sind?, T r a d e  t r i t e .

(112 + 73) 312

Symmetry ? g(8) has no y-component.

=42413+284427

= ,  -  2 ?

Saint 2 in l = 242=7.



5 , 5

10

Show a particle dropped into shaft will have S.H. Oscillation
Drop point

- thin
shaft all

- We know from prod 5.4

the waythat the re is no fore contributin
through'r(t) from out side it rt).

the mass inside ittl? We Also know that
entribute point like

The can it motione -density fearth

- -  C o

E S H M e H

2  ?
w =

T  = 3 4

excellent work!



5 . 2 . Find the radius required for a synchronous
satellite in corenlar orbit.

- Fig = Fent.

GM m
V= wr

so GM

G M

(2)"

=(16.7461241 3600% xox al
4. 24X10m

5.3 Comonte mass fearth: Too: 27.3 days.
Rum =3.84x105km:

R$ (202" = Me=(3.84805 km) /25 + 8000 En)
G T : = 16.7110' m'4s/ 27.3d 24436004) +=6-0X10k9



5.
Is solar system embedded in unitorm dust dond dearly p.

If constant dust cloud what is towe
law. on earth or any planet wl orbit"s" from Sun)?

The mass oh side earth orbit

s p h h e  a t t r a c t s  e a r t h .

5 . 8

F=- GMMe -AG+pmaRe
Re

it sarticle follows r=roeke show that
fore is thorse cube 1O varies log with t.

m

f r l  = - m h ?
e



5 . 8  c o n t

raroeko

s h o w Ovaries logrithmically ult.

r e g i s h  t
? dt
ro

2 h 0

0

5? tC = ht

=  J I n  ( 4 4 - c )  2 4
lose

eval
lomits

15.11 Aparticle mones in ararial orbit r=ad

i f  osk t  i s  the  fo rce  a  cen t ra l  f i e ld?

5 i .  2 d s h  f o r  a c e n t r a l  f i e l d .
d i l

t r !
50

? =  t o

d u
do

8 dE+ =

integrating.

d t
a ?

to should ving loy

An a central field o # const because t ' ' s  f o r  i t
#const

to be a contral f iel.
(not linearly as asked)

thereforeOF theforce is not central



5.13 a Compute the period of Halley's comat
b. Find speed at

e  =  . 9 6 7 perihelion dist = 5,5X10 miles

T =  ca%/ c:  27 (GMJi ri=ro IteI-C

2 a  =  r i t r o

=  2 7 6 1 7 %
VGM (1-e)|

b u t  i t  s o  i s  i n  a l l . ' T y e a r s  t h e n

c = u n i t y .
312

T = (lau.)( 5,5 xiu miles
9.3x10 miles

a=to( te)

b. knowing e= (vo/va) - 11

comes fromVerele

vo=fetik

No:  6967+116M :

C ,

469677166740 5 20)
(5.5110 miles (1609 File)

=5,5X10% meter/see

Vo = 12x10" mi /hr.

V, = 12110" mi/hr = 2x10mi/hr
1- 962) =



5,19 show that mi my fry, is the

same as that of a part. in rectilhemation in an
effectine potential air; usert iH e r e
f i l l dVir) , make a rough plot of ur for ver) he (stage)

(rustable)
+3 For rectilibear motion also

therefore

but pig=h

= = m i t h m i - + U(r)

E=Emi2 + Vert (r)

f e r y  t h  c o m e  f o r m e

since, t comparent, if pusition

only, it can be inches
in the "effective"

potential

Ver Cr = VIr+5m.

= 0

( s e e  b a c k )
d t

1 ' 0  =  c o n s t = h



another way I the way they ack, I the

Let m r  =  F ( r )

= -  F ( r )
r

i t  b e c o m e

d r

integate
= - V

2 r *

50 ? = V+ mh?



15.19 cont

i f  v I r l =

V i t '

r

Vart - kr += A stable well

lost if perturbed

this sidei f  v e r t .  =

m i t a b l e  c i r c l e

Spitemotion.

orbil if pairbend this
side



5.20show stability of a circuter abit is equilat

todriz do for r=afor rea (positre curature)
whe Ulris the effective potential de vrat me

graphicallethe stabl orbitslooked like

We are awarethe stapility
condition:

M= 3f(a) + f'ca) <0.

From prob 199

susitre carvatme

d e f i b e :
* .+3f (a) =f'(a)

d r
a r

= -2531

+ + (1) + 302
50(Ur, (a), = u>> 0

You have to show, that flay + Eftal o ?dia trià>0

-f'cal + 3mh

please see

the key

Sorry a bant
+  h e

slopayness



Spec ia l
15:26 UCr =V (r) -  in far  i  a  cute  fe l l  po ten

Eind the apsidal angle for math in an innoce squan field

+ dEE-VI/moC"
? ufe

r

2CE-U35- but V/) = E

so fir (+1

+(5) +16 25-135)

E k

h o w f ' c a )

f ( a )

+  3 7 6 1 - 2 2 - 2 2 1

K TER
amoc"

+ 3 +9 - 2k

a'm.c"

TI (341 304-2-20-202 21-7
moc" ermody

- ?? "
mol" a m o c "

moc'tE- =1+Ese

1+=
TI TI

moc? ,  E .

= TI a (E+mo(2)



not

-  ?

5.26 Potential for an, oblate spheroid!'

V ( r ) =

s u l l  d o .
Ri equAtorial

Find the apsidal angle
rad ius

if R:4000 mi AR=13mi ROPEERICKSONT

#o +531-49415 321

f '(r) =-2k1-3-6165

5 . 0

+ 1 0 - 2  1 2 4 6 9 - 3

S. 19,20, 26,13
38

1 +  2 € a "

y=+(336655606
1+2cã

Good work!


