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(WEE 10/79)

CALCULATING GRAVITATIONAL FIELDS AND POTENTIALS BY DIRECT INTEGRATION

o™ The field at ¥ due to a coint mass M at ¥' is just
- &M (FoFy ]

é(r) = T (Newton's law of universal
’ ‘ gravitation)

-

I.e. 9(F¥) is in the direction of a line from ¥ to M and
varies inversely as the square of the distance from M to

-

Fo(ie. IF -7 ).

The point where M is located, ¥', is called the source point. The point where
the field is to be calculated, ¥, is called the field point.

Similarly, the potential in the same situation is (taking 4(e) = 0)

- - -~ GM
LTI

For.any con_t;i_rluous distribution of mass, we must add up vectorially the contri-
" butions to g(¥) due to infinitesimal elements of mass at ¥', letting ¥' vary
through the distribution of mass. E.g.
/’/ AL Paass ol.g'.(?) = contribution to 5(\‘—') dar bo et of
R P SV % TN ¢sss dow (R7) at P
dm(#9) = _ G dw(®) (F-¥Y)

1#-F17

s AR e -6 dm@®) (BR)

- % ’ S \r—-?'l’

What is dm(T')? . P .
For a volume distribution of mass, p(7'): 4m ) = f:tr’) At = p(F) 4

velume element

For a surface distribution of mass, ¢(¥'): dwm@) = o(#')de’

aren glement

For a line distribution of mass, /u(F'): dw ') 2w lF) ds!

~ line elevment
. . . 2\, - - d_y,‘Lv")
Similarly, for ¥(¥): Wp(F) = -G \ .
\F -7
REMEMBER: .

Make use of symmetry in the charge distribution when calculating G(F).
Be careful to properly include the coordinate dependence of unit vectors
for non-rectangular coordinates in the integrals.
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A Fairly Difficult Example

Consider a disk of radius a in the xy-plane, centered at the origin. It has

a surface mass density A v ¢ corrdimaters) -

-

Find the gravitational field on the axis of the disk, above the disk, by direct
Integration.

Z

A 2 *
"':.__-i_eg, \a._.rlmcb"t_*r_ll' cb/a\’) \'Y"._';..\z,/r-'+1 .

Neow#') drrrdd! (3l - resdd orandg)

(r? +?‘) 3

/5.’,‘__‘,0"7 > %Cl) das a0 g - ommporank.

. o m ok 5
7 ' ! ' ] ' 4 ! ! Y'l .
f,;c;)z_G__Mz@ju md_zajar ot . GM@Smmfi ““SM’TT?«
at T (rl"a.z‘)”‘ o . s I +3)
= ° o
i “1.‘!1
'3 3/1
T z s ' AN de' _ T = lSAu, Lu—i) wu
Lt wu= r'*s+2 Aw = 2r'dr = So m’h J.
AT b 2?
> L[zuyz % ZEZU-V"] 21 =A"(120-1‘ '!-"m‘z
1, 2
- 2% +a - 23
2+
&
F 2 ‘ T o) - - _———-4-LK(a+Jz‘+J}
Sd.r 2 g ol g [T #R e z
° 6’14»2‘)}" Vriezs °
1r
= 1] L 4_ J¢' él él - 4
- Con - -—
54¢m%'=ZM~f = E+L . f ent 3 »
-1 '1 -
2 2
> Alz) =4GM | -a2 um(p_+ yied G) 46M 23+ a 22 |2 :
2 + —— 3 B Z>0)
a3 'Jzz_(,.a_" 2 3a 2 +a




th,__
S. H. 05,

Wil have

nlo chaft

é"DW;

r’hrf

‘ §sz a pe

S 5|

\ 'f \’\lh

&\,ﬁ,}b /h’
, ~ C /}
W +t\4——

PANaAT
e

fe sk

rC'()

r (€]
‘, ‘J'((I M l\——ﬂ%
() ~
Jrkj%p = -(z!l_"__:-—
s - Pl o L onth
. e ol bdes | e =,
. \fﬁ"*\e ;l’“— ‘ Ciﬂr3/) ) ',zﬁ/’cbr'“
£ ot | |
-T(-'»e"lt C»V/\Lw}h _ _9;/—;‘:‘
e S
b~




E rl"ﬂp%{c (/j /CQU'M/ ]4\/ e thclﬂftﬂf?(m)
® sdd%ﬂc_ b coenlan orkit,

3
Py

| | | C
- 2
&‘M c 0’ .. W ' . ( (. 7" f; [gxm’ z,}(,zgl‘
= VvV kw P /

A3

/
/

/

‘Wy”“"l pns s %‘M T * 27.5 daa,

Rom = § 9 X9 Cm .

Y/

= Y. 2907,

—-—.\-—
e e —————,

2 5 ,j?
. ( (€. )24 836005, ) 5 J
7t

o . L
Rlm' ) | (spwre.) Qolrboog) | Loty
& 7 _—:_—-.-c /6'7*/0."%‘127‘34 2735 ?6@%) —

/




-

~ I% folar 37)7‘6#-— %wu Ko ““"-K?m Mﬁé&dnidhﬂ%/’
577

. 3 Stk
I'f o fam £ ﬂ/u,; Zauc/ /\//"" L

- fos o Wﬂ*( o0 Om7 Plam(’ w/ orhit “r " oo Sun)
[ —
| /é e The mass b de e th orbrF
| B B A
\ 7 f.-’f// o ,..‘I/.e zom‘- Ajﬁ/‘m'fr QW"LA
L 3
\ g C/w[«j :(3j 'G/o Zc)

5“&] it RNJ”/Q/ followss r=r,e*® show +het
-[;w.e (S therte Cube ;’ G veries /02 wf("f:

s

\O . B ) o - k&
\ ‘%‘ +U = 'F(u ) ,.Ee
- @ A ,
me du -k e’
) dé’ . ro
= h\ _kf .(_ -k ) : Y
-mh#f“;( 7_6 j ¢ r’e cﬂr el ;__&(_%
-] ‘ 2 da\ rs




m J'h“}w g\/.ﬁf“n'{,{ /Ojr,’;‘#k\l‘fd,\// ‘L/ W/ o

e ~ e -
° gk X
/Z*"/y 5_/6
0
1’1‘,9 he
2/L s

-

-

—B_ﬂ] /fpﬂr«‘w' o romen o a sl wbt el
Al 7
.F g -kt .’E—H&{mawﬂm&f, :

@ ‘a/ z@ L, 7@»/ QW:/“A/RL 740&(
Fe a d - u=L
& S»o F: 4 L f S o4 e
g (4:0/:/@ :(:',;rv ] i %5;'0"1_
= @LGLG = _lﬂ QL{' ﬁ(—& 2
- a*. 0" ae’
‘V‘W-H\N/ 9_?1/6 = —-_—f
3 a /
Q :(5% +C) 3 ﬁ SA%M l/ét"7/ LV
. — 1 '/3 747\f o+
4 O Fuwal fecauet | t |
gJAafWZF:M I q&wf% be o et nl A
i = P 1 a 9" (ogt .\f\eo«‘(?/ &4 aﬁ/‘d)



" 5 /3) Wwﬁ —#—L_//JA//M o“/ ///4/5{“”7& sl
)
b, quyﬁ soad o e S (etsert H sun )

‘ i
‘—X%Q = ¢7£‘7 l\u.ldf\m dixt = SisX/0 miles
QY | i = 112
7T = Cca’l & = 2*:((6M)L 1= Yo PMC
l—
2oz (47,
s ' o
T = 24 fo i o :Q(H‘%{J
Jam | (i-e) -

\ a: Tor_

bt & O is in a, u. ‘ - V'am +be sy ( ‘—L)
C'_ = {//\.{

@ w o ‘/r :rxlo e Lu
[ 2 (l
9. 3X07 = |- ‘)97

| f’{l/\—owm? l < KVO/VQXI— \

wde  Comey b %L G
&

Vo :q/@+| %
s ST WV NG Rl M;M Vauoi)

(s a0 ity leor, i}

o S5 a0 mebay,, /

&, .
~ p ; {0 .
l/! = F f) & Iy e . . (20w [l ) D
b -=nv, =y e iy 2 /4r
- PO . e . : L[- ‘fb?} - — Vi



~ -

g,[ﬁ S b ’ILM - ,_.._ ‘f(() , S 7LJ\"

T

® | |
Sé g A S ‘%’M (ﬂ'C ‘\[)c—/’} AN fcy%,(/,Wx/ o F IO~ A @
: N /lo#w'h‘/u( Ulr) 7 U((J: v(r] i_f:ﬁl ) {,U«-;
_P(\ "%} P hzlce FVW&A /&7" 75—(/(('(/ £ \/(/)’L_ /579‘“%/

J\ Vr)- -k, (Mm&),

Hoelom_
@
(: 4his
™~ ﬂv\QL EW’}'/‘JC' 2us
owlﬂf F (o be ‘ﬂﬂ@,!
/\q-fé\,.a;[ﬁa‘
%%—L,\ab
<, 4
L; :’\)/IMK?' +Vu{() ! =~
Vewr (el = V(e)4 5 m 2
=
%‘l\ Cone ﬁv-:——-.f.«
. . 2
Q@ Llr)emia, = e (f B =t —rm i e
L ’ | 2 5
Q=+mmdg, = M[-Zu;@-lr(?):mﬁ(("lﬁ) —
=B At |

(see boek) so |20 = ot =), |







/)V/W 4_&’/( #h,3
S/\/KL



4 Y J 5
ywac 147 1- = S8 . o~ _
1’15 ,j’ Z h 9 E‘Jz’?) MM R JA - /un
} e X ;
PR A
L ol
\T,':; = A AIA = [ 2) ¥

=7 Pty < W T /{ﬂ” s

1(};‘)“ '%4(.1)/\: (J)Z-: F/F-oTM] wmv -uT{. o (A) 7’)? e
4_..A

(e W5 e =2 73 o<z St

g br st 4177 TATN 2 g gt oy

L)

- o



va s Mf“’ h & (h ﬁn@él M.P
gﬁ“ﬁlt_\/év’) - QCE'VO‘ %%MMR PW

@ F&w$-+(;u_-0~{)5l¢aj w ﬁww‘, Mgaikw e ffuﬂr(_«pua&

-—

Fle)= -gM2 W Bﬁ,_q[mngj f2r4L"
ar o 1¥g
Q Y 2 - YV Z
\ i ’afr * 2mpct 2Ce v1 { 3 £k+

Flr) - fir) +5—1m0 RESAN [‘Rr)g
:(*\t&\ﬁ’————'—— {_(: sz( \

¥ i

F_(r) _‘t’: EE‘ ,}4.3 v /f(l) &s_lEhL *34/
p - ¥ oot o sl 't oIm moe
V ~ C _L —— - e e - —_———

= T 4‘(“) R c'_-ﬁl _ k* /
s Qat GII‘"«)&I ‘C‘/"’UG
‘ ' 1
B 2 1 : > )
o zz_ta, el 4 ogk (sur3ek _Rf e gt
S+d e bl o It A ot Grmye
ke _ k ' ke or -
me™ a e I j ! mac™ } armac”

L&
=)
—
+
3 |l
= | e
< |12
S
G
(’\
\
|
o |
-
+
~
T
+
£
)



o e \_"L‘ a \"(\ ,,"A' Boowd —_— 1
. * N ety J

524 ..euwm:*/s o L

AN
o

;J\'H;&/;\, e

CV(r) . .((,rrl)/ fz;(g/%w e ‘ZPA/Q

er\oL —r’—é\,\ Qloé/y(éé

it 2o .

s0 A / I
7; [E-f- q"Z/(a -'é'%éa‘/[ g

- AR= JSM ,

g7 Jafo//

lQof %rz*rﬁ i}

tha™* e

a=5

_
. - N —" = 3
£ ﬁ[3 __‘_q'—la"—t,éa?’] L - m[g({_ -2-bea *
' ' -t |+ 2ea”

Ifle—a

l+2ean”

. 4 ‘
: \‘P [34%‘ _3-fed
e ﬂ T ‘M

|
R 1 e
B s Tl +2e g e

——

(%W(SL w‘“’\(’\‘. s



